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Notes for the course REAL ANALYSIS

4 The Integral

4.1 The Integral of Simple Functions

Definition 4.1. Let X be a measure space with measure p. A simple
function X — K is called integrable iff it vanishes outside of a set of finite
measure. We denote the vector space of integrable simple functions on X
with respect to the measure p by S(X, u).

Exercise 15. Show that the integrable simple functions actually form an
algebra over K.

Definition 4.2. Let S be a measure space with measure u. A (u-)integral
is a collection of linear maps

S(X. 1) —>K:fH/deu,

one for each measurable subset X C S, satisfying the following properties:

e If X has finite measure, then [, 1dp = pu(X), where 1 € S(X, ) is
the constant function with value 1.

e If X1, X5 C X are measurable such that X;NXs = 0 and X;UX, = X,
and f € S(X,p) then [y fdu= [y fdu+ [y, fdu

Proposition 4.3. The integral exists and is unique.

Proof. Exercise. O

When it is clear with respect to which measure the integral is taken, the
symbol du may be omitted. When the integral is taken with respect to the
whole measure space and it is clear which measure space this is, the subscript
indicating the set over which is integrated may be omitted.

Proposition 4.4. The integral of integrable simple maps has the following
properties:

o If f and g are real valued and f(x) < g(z) for all z € X, then [ f <

Ix9-
o If f(x) >0 forallz € X and A C X is measurable, then [, f < [ f.
o [[x = [xIfI-

o Suppose X has finite measure, then [y |f| < || f|lsup (X). (Here ||-||sup
denotes the supremum norm.)
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Proof. Exercise. O

Definition 4.5. Let V be a vector space over K. Then a map V — Rar :
x +— ||z|| is called a seminorm iff it satisfies the following properties:

L. |[Az]| = |A|||z]| for all A e K,z € V.
2. Forall z,y € V : [z +y|| < |||+ |ly||. (triangle inequality)

A seminorm is called a norm iff it satisfies in addition the following property.
3. [|[z]| =0 = z=0.

Note that a vector space with a norm is in particular a metric space via
d(v,w) := |jlv — w||. This means that the notions of convergence, Cauchy
sequence and completeness apply to normed vector spaces. Furthermore, it
is easy to see that these notions still make sense if we merely have a seminorm
instead of a norm. Of course, not all results that we derived for metric spaces
will hold in the case of a seminorm.

Proposition 4.6. The space S(X, 1) carries a seminorm given by

1l = /X fldp.

Proof. Exercise. O

The fact that we only have a seminorm and not necessarily a norm comes
from the inability of the integral to "see" sets of measure zero.

Proposition 4.7. Let f € S(X,u). Then, ||f]1 = 0 iff f vanishes outside
a set of measure zero.

Proof. Exercise. O

We also say "almost everywhere" to mean "outside a set of measure zero".

4.2 Integrable functions

Lemma 4.8. Let {f,}nen be a Cauchy sequence of elements of S(X, )
with respect to the seminorm || - ||1. Then, there exists a subsequence which
converges pointwise almost everywhere to some measurable map f and for
any € > 0 converges uniformly to f outside of a set of measure less than e.

Proof. Since {fy,}nen is Cauchy, there exists a subsequence {f,, }ren such
that
[ foe = Faelli <272 VEEN and V> k.

Define
Vii={z € X : |fo,, (®) = fo,(2)] > 27"} VEeN.
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Then,
27 (V) S/Y | frper = frrl < /X Frsr — o] <272% VEk €N,
k

This implies, (Y}) < 27% for all k € N. Define now Z; := Urz; Ys for all
j € N. Then, u(Z;) < 2% for all j € N.

Fix € > 0 and choose j € N such that 2!77 < e. Let z € X \ Z;. Then,
for k > j we have

|fnk+1($) - fnk(x)‘ <27k,

Thus, the sum Y72 fu, ., (x) — fn,(z) converges absolutely. In particular,
the limit

fz) = lliglo fm( = fni (%) + Zf"l-H fm( )

exists. For all £ > j we have the estimate,

£ (@) = fop (@ me — Fa @) <D [ frg (@) = i, (2)] < 27F
=k

Thus, {fn, }ren converges to f uniformly outside of Z;, where u(Z;) < e.
Repeating the argument for arbitrarily small € we find that f is defined on
X\Z, where Z := (\;2, Z;. Furthermore, {f,, }ren converges to f pointwise
on X \ Z. Note that u(Z) = 0. By Theorem 3.19, f is measurable on X \ Z.
We extend f to a measurable function on all of X by declaring f(x) = 0 if
x € Z. This completes the proof. O

Lemma 4.9. Let {fn}nen and {gn}tnen be Cauchy sequences of elements
of S(X, p) with respect to the seminorm || - ||1. Furthermore, assume that
both sequences converge pointwise almost everywhere to the same measurable
function f. Then, the following limits exist and are equal,

lim fn= lim In-

n—oo [y n—00
Proof. 1t is easy to see that both limits exist (Exercise.). It remains to
show that they are equal. To this end consider the sequence formed by the
differences h,, := f,, — gn. Then, {h,}nren is a || - ||1-Cauchy sequence that
converges pointwise almost everywhere to zero. We need to show that the
limit lim,, o [ « P (which we already know to exist) is equal to zero.

By Lemma 4.8 there exists a subsequence {hy, }ken with the following

property: For any 6 > 0 there exists a set Zs with u(Zs) <  such that the
subsequence converges absolutely and uniformly to 0 on X \ Zs.
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Choose € > 0 arbitrary. There exists m € N such that ||k, — hp|1 < €
for all n > m. Let A be a set of finite measure, so that h,, vanishes outside

of A. Then,

/ |hn‘:/ |hn_hm‘§/|hn_hm‘<€ Vn > m.
X\A X\A X

Set § := €/(1 + ||hm]lsup) and & := €/(1 + pu(A)). Then, there exists | € N
such that n; > m and ||hy,, (z)|] < { for all K > [ and z € X \ Z5. This
implies,

|| < (AN Z5) € < p(A)€E < e Vk>1.
Zs
On the other hand,

/|hn\</ \hn—hm\+/ .
Zs Zs Zs

< [hn = hanlly 4+ 1(Zs) [|han llsup < 26 VR = m.

Taking the three integral estimates together we get

'/ P, g/ |hnk\§/ \hnk\+/ \hnk|+/ Ihnk\<46 Vk > 1.
X X X\A A\Zs Zs

Since € was arbitrary, we conlude

lim h, = lim Iy, = 0.
n—oo X k—o00 X

We are now ready to define the integral more generally.

Definition 4.10. A measurable map f on X is called integrable iff there
exists a || - ||;-Cauchy sequence of integrable simple maps that converges
pointwise to f almost everywhere. We denote the vector space of integrable
maps by £1(X, p).

Exercise 16. Show that the integrable functions actually form a vector
space.

Definition 4.11. Let f € £Y(X,u) and {f,}nen a Cauchy sequence of
elements of S(X, u) that converges pointwise to f almost everywhere. We
define the (u-)integral of f on X by

/ f:= lim fn-
X n—oe Jx

That this definition is well follows immediately from Lemma 4.9.
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Proposition 4.12. Let f,g be measurable maps and f = g almost every-
where. Then f is integrable iff g is integrable.

Proof. Exercise. O

Proposition 4.13. Let f be an integrable map. Then, f vanishes outside a
o-finite set.

Proof. Exercise. 0

Lemma 4.14. Let f € LY(X,p) and {fn}nen a Cauchy sequence in S(X, i)
which converges pointwise to f almost everywhere. Then, |f| € LY(X, 1) and
{Ifnl}nen ts a Cauchy sequence in S(X, u) which converges pointwise to |f|
almost everywhere.

Proof. Exercise. 0

Proposition 4.15. The space L' (X, i) carries a seminorm given by

1l = /X fldp.

Proof. Exercise. O

Proposition 4.16. Let { f,, }nen be a Cauchy sequence of elements of S(X, 1)
converging pointwise to f € LY(X,u) almost everywhere. Then, {fn}nen
converges to f in the || - ||1-seminorm. In particular, every integrable map
can be approzimated arbitrarly well with respect to the || - ||1-seminorm by
integrable simple maps.

Proof. Fix € > 0. Since {f,}nen is Cauchy there exists k& € N such that
| fn— filli < €forall n,m > k. Fix now some n > k. Then, {|fn — fm|}men
is a Cauchy sequence of integrable simple maps and converges pointwise
almost everywhere to the integrable map |f,, — f|. (Use Lemma 4.14.) So,
using the definition of the integral,

== [ V= g1= tim [ 1= ful = Jim = full <

This implies the statement. O

Theorem 4.17. The space L'(X,p) is complete with respect to the semi-
norm || - |1

Proof. Consider a Cauchy sequence {f,}nen in £1(X, ). Using Proposi-
tion 4.16 there is a sequence {gn }nen in S(X, p) such that || fr, — gnll < 1/n
for all n € N. It is easy to see that {g, }nen is Cauchy. (Exercise.Show this!)
By Lemma 4.8 there is a subsequence {gy, }reny which converges pointwise
almost everywhere to an integrable function f. Again using Proposition 4.16
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this implies that {gy, }ren converges to f in the || - ||;-seminorm. But since
{gn }nen is Cauchy, it must also converge to f in the || - ||;-seminorm. (Note
that Proposition 2.9 is also valid for pseudometrics and thus seminorms.) In
particular, for € > 0 there exists £ € N such that ||f — gn|1 < €/2 for all
n > k. But then, for all n > sup{k,2/e} we have

1 = fallt < {If = gnlls + llgn = fully < €/24+1/n <e
That is, {fn }nen converges to f in the || - ||;-seminorm. O

Proposition 4.18. The integral of integrable maps has the following prop-
erties:

o If X1, X5 are measurable such that X = X1 U Xy and X1 N Xy = () then
fo:fX1f+fX2f

o If f and g are real valued and f(x) < g(x) for all x € X, then [y f <
Jx9-

e If f and g are real valued and integrable, then sup(f,g) and inf(f,g)
are integrable.

o [[xfl= xSl
e Suppose X has finite measure and f is bounded, then [y |f| < || fllsup 1(X).
(Here || - ||sup denotes the supremum norm.)
Proof. Exercise. O

Proposition 4.19. Let X be a measurable space, f : X - R, g: X - R
maps. Then, f +ig: X — C is integrable iff f and g are integrable.

Proof. Exercise. O

4.3 Integrals and Limits

Theorem 4.20. Let {f,}nen be a sequence in LY(X, 1) converging to f €
LYX, u) in the || - ||1-seminorm. Then, there exists a subsequence which
converges pointwise almost everywhere to f and for any € > 0 converges
uniformly to f outside of a set of measure less than €.

Proof. We first consider the special case f = 0. The proof proceeds in a way
similar to that of Lemma 4.8. Consider a subsequence such that

| fuelll <272 VE€N.

Define
Vii={x € X :|fn(x)>27%} VkeN.
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Then,
2R (V) < / o] < / | <272 VEEN.
Y X

This implies, x(Y}) < 27% for all k € N. Define now Z; := Urz; Ys for all
j € N. Then, u(Z;) < 2% for all j € N.

Fix € > 0 and choose j € N such that 277 < e. If x ¢ Z; then for k > j
we have

| fui ()] < 275,

Thus, {fn, }ken converges to 0 uniformly outside of Z;, where u(Z;) < e.
Also, { fn, (%) }ken converges to 0 if » ¢ Z := (2, Z;. Note that p(Z) = 0.
In the general case f # 0 we apply the previous proof to the sequence

{fn = fInen- O

Proposition 4.21. Let f be an integrable function. Then, ||f|1 = 0 iff
f =0 almost everywhere.

Proof. If f is zero almost everywhere it is clear that ||f||; = 0. Conversely,
let ||f]l1 = 0. Then, (0,0,...) is a sequence of integrable maps converging

to f in the || - ||i-seminorm. By Theorem 4.20, a subsequence (and hence
the sequence itself) converges to f pointwise almost everywhere. So, f =0
almost everywhere. O

Proposition 4.22. Let {f,}nen be a Cauchy sequence in L1 (X, i) converg-
ing pointwise to the measurable function f almost everywhere. Then f is
integrable and {fn}nen converges to f in the || - ||1-seminorm.

Proof. By Theorem 4.17 there exists an integrable function ¢ such that
{fn}nen converges to g in the || - [[;-seminorm. By Theorem 4.20 a sub-
sequence { fy, }ren converges to g pointwise almost everywhere, i.e., outside
a set Z, of measure zero. On the other hand {f,, }nen (and any of its subse-
quences) converges to f almost everywhere, i.e., outside a set Z; of measure
zero. Thus, f = g almost everywhere, i.e., outside the set of measure zero
Z4gU Zs. By Proposition 4.12, f is integrable. Moreover, ||f — g||1 = 0 and
hence {f,}nen converges to f in the || - ||;-seminorm. O

Theorem 4.23 (Monotone Convergence Theorem). Let {fy}nen be a point-
wise increasing sequence of real valued functions in L'(X, u) such that there
exists a constant c € R with

/fngc Vn € N.
X

Then, the sequence {f, }nen converges to some function f € LY(X, ) in the
| - [[1-seminorm and also converges pointwise to f almost everywhere.
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Proof. The sequence { [ fn}nen is increasing and bounded and thus con-
verges. In particular, it is a Cauchy sequence. But

‘/Xf"_/xfm‘:/X|fn—fm\:\|fn—fm||1 Vn,m €N,

since {fy }nen is pointwise increasing. So, {fy}nen is a Cauchy sequence in
the || - ||1-seminorm. By completeness (Theorem 4.17) there exists a function
f € LYX,u) so that {fn}nen converges to f in the || - ||;-seminorm. By
Theorem 4.20 there exists a subsequence { f,,, }ren that converges pointwise
to f almost everywhere. But, since {f,(z)}nen is increasing for all x € X, it
must converge for any € X where a subsequence converges. Thus, {f,}nen
converges to f almost everywhere. O

Proposition 4.24. Let {f,}nen be a sequence of real valued integrable func-
tions such that there exists a real valued integrable function g with f, < g
for allm € N. Then, sup,cy fn @s integrable and,

sup/ I </ sup fn.
neNJ X X neN

Proof. Since {fy}nen is bounded pointwise by g, the function sup,cy fr is
well defined. Set g, := sup{fi,...,fn} for all n € N. Then, {g,}nen is a
pointwise increasing sequence of integrable functions. In particular, the g,
are measurable and so is by Theorem 3.19 their limit lim,, .o g, = Sup,,cn fn-
Moreover, [y gn < [y g for all n € N. Thus, we can apply Theorem 4.23 and
there exists an integrable function f to which {g,}nen converges pointwise
almost everywhere. Thus, f = sup,,cy fn almost everywhere and sup,,cy fn
is integrable by Proposition 4.12. For the inequality observe that fi <
sup,en fn for all k € N. Hence, [y fx < [y sup,ey fn for all k € N. Taking
the supremum over k € N implies the claimed inequality. O

Proposition 4.25 (Fatou’s Lemma). Let {f,}nen be a sequence of real val-
ued integrable functions such that there exists a real valued integrable function
g with f, > g for all n € N. Assume furthermore that liminf, . [y fn es-
ists. Then, f(x) := liminf, .o fn(x) exists almost everywhere and can be
extended to an integrable function on X. Furthermore,

7 <limint / .

n—oo

Proof. Fix k € N and apply Proposition 4.24 to the sequence {— fx1n—1}neN-
Thus, hy, := inf,> f, is integrable and

/hk<1nf/fn§liminf/ fn VkeN.
n—oo X
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But the sequence {hy }ren is increasing and has bounded integral, so we can
apply Theorem 4.23. Thus {h }ren converges pointwise almost everyhwere
to an integrable function f and

lim | hy = / f.
k—oo Jx X
Thus,

n—oo

f < hmlnf/ fn-

But f(x) = limg oo hi(z) = liminf,, o fn(z) almost everyhwere. This
completes the proof. O

Theorem 4.26 (Dominated Convergence Theorem). Let {f,}nen be a se-
quence of integrable functions such that there exists a real valued integrable
function g with |f,| < g for all n € N. Assume also that {f,}nen con-
verges pointwise almost everywhere to a measurable function f. Then, f is
integrable and {fn}nen converges to f in the || - ||1-seminorm.

Proof. Fix k € N. Consider the set of real valued integrable functions {|f, —
fml}mmyerxr where I = {k,k+1,...}. Since |f, — fm| < 2g forall n,m € I
we can apply Proposition 4.24 and conclude that gy := sup,, > |fn — fml is
integrable. The {gj }ren form a pointwise decreasing sequence and fx gr > 0.
So we can apply Theorem 4.23 to {—gx}ren. Since we already know that
{9k }nen converges pointwise to zero almost everywhere we conclude that it

also converges to zero in the || - ||;-seminorm. This implies that {f,}nen
is a Cauchy sequence. (Exercise.Show this!) By Proposition 4.22, f is
integrable and {f,}nen converges to f in the || - |[;-seminorm. O

Proposition 4.27. Let f be a measurable function. Then, f is integrable iff
| f| is integrable. Moreover, if |f| < g for some real valued integrable function
g, then f is integrable.

Proof. By Lemma 4.14 integrability of | f| follows from integrability of f. It
remains to show that given g integrable and real valued such that |f| < g,
f is integrable. Firstly, since g is integrable, it vanishes outside a o-finite
set A by Proposition 4.13. The same is thus true of f. Let {A,}nen be an
increasing sequence of sets of finite measure such that A = (J, ey An. By
Theorem 3.23, there is a sequence {fy, }nen of simple maps that converges
pointwise to f. Define a sequence of maps {hy, }nen as follows:

B () 1= {fn(a:) ifr € Ay and |f,(z)] < 2¢(x)

0 otherwise

It is easy to see that h, is an integrable simple map for each n € N.
(Exercise.Show this!) Moreover, the sequence {h, }nen converges point-
wise to f and we have |h,| < 2¢ for all n € N. Applying Theorem 4.26
shows that f is integrable. O
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Proposition 4.28. Let {f,}nen be a sequence of integrable functions con-
verging pointwise almost everywhere to o measurable function f. Assume
also that there is a constant ¢ € R such that || fn||1 < ¢ for alln € N. Then,
f s integrable.

Proof. {|fn|}nen is a sequence of non-negative valued integrable functions
converging pointwise to the measurable function | f|. The sequence { [y | fn|}nen
takes values in the compact interval [0, ¢] and thus must have a point of ac-
cumulation (Proposition 1.23). Together with boundedness from below this
implies the existence of liminf,, . [ |fn| and we can apply Proposition 4.25.
By assumption |f(x)| = lim, o | fn(z)| = liminf,, o | fn(z)| almost every-
where, so |f| is integrable. By Proposition 4.27, f is integrable. O

4.4 Exercises

Exercise 17 (Lang). Consider the interval [0, 1] with the Lebesgue measure
p. Let {fn}nen be a sequence of continuous functions f, : [0,1] — [0,1]
which coverges pointwise to 0 everywhere. Show that

1

lim fndu=0.

n—oo 0
Exercise 18 (Lang). Let X,Y be measurable spaces and f : X — Y a
measurable map. Denote the g-agebra on X by M and the o-algebra on Y
by N. Let u be a positive measure on M. Define a function v : N’ — [0, o0]
as follows: v(N) := u(f~1(N)). Show that v is a positive measure on N
Moreover show that if g € £LY(Y,v), then go f € £1(X, ) and

/gofdu:/gdl/.
X Y

Exercise 19 (Lang, extended). Let X be a measure space with finite mea-
sure p and f € £1(X, ). Show that the limit

n—~o0

lim [ |f[Y"dp
X

exists and compute it. Give an example where the limit does not exist if
n(X) = oo.

Exercise 20 (Fundamental Theorem of Differentiation and Integration).
Let f : R — R be continuously differentiable and a,b € R with a < b. Then,

b
/ £ du = f(b) - f(a).

where p is the Lebesgue measure. [Hint: Note that f’ is integrable on [a, b].
Consider the map g : R — R given by g(y) := [Y f/du. Show that g is
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continuously differentiable and that ¢’ = f’. Apply the fact that a function
with vanishing derivative is constant to the difference f — g to conclude the
proof.|

Exercise 21 (Partial Integration). Let f,g: R — R be continuously differ-
entiable and a,b € R with a < b. Show that,

b b
/ fo' dp = fl; —/ f'gd,
a a
where du is the Lebesgue measure.

Exercise 22 (adapted from Lang). Equip the space [0, co] with the following
topology: A set in U C [0, 00 is open iff either U is an open subset of [0, 00)
or U = —A, where A is a compact subset of [0, 00).

e Show that this indeed defines a topology on [0,00]. Moreover, show
that this topological space is compact.

e Let X be ameasurable space and f : X — [0,00]. Let Y := f~1([0,00)).
Show that f is a measurable function iff Y is a measurable set and
fly : Y — [0,00) is a measurable function.

e Let X be a measure space with o-finite measure . Show that f: X —
[0, 00] is measurable iff there exists an increasing sequence { fy, }nen of
integrable simple functions f, : X — [0, 00) which converges pointwise
to f. (Recall that an increasing sequence of real numbers which is not
bounded from above is said to converge to 0o.)

e (X and p as above.) Let f: X — [0, 00] measurable. Let {f,}nen be
an increasing sequence of integrable simple maps converging pointwise
to f. Define the integral of f to be,

lim fndu.
X

n—~o0

Show that this does not depend on the choice of sequence. Also show
that this coincides with the usual definition of integral if f(X) C [0, 00)
and if f is integrable. Formulate and prove an adapted version of the
Monotone Convergence Theorem (Theorem 4.23).

e (X and p as above.) Let f: X — [0,00] measurable. For each mea-
surable subset A C X define

py(A) = /Afdu-

Show that s is a positive measure. Let g : X — [0, 00] measurable

and show that,
/gdufZ/ fgdp.
X X



