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ourse REAL ANALYSIS4 The Integral4.1 The Integral of Simple Fun
tionsDe�nition 4.1. Let X be a measure spa
e with measure µ. A simplefun
tion X → K is 
alled integrable i� it vanishes outside of a set of �nitemeasure. We denote the ve
tor spa
e of integrable simple fun
tions on Xwith respe
t to the measure µ by S(X,µ).Exer
ise 15. Show that the integrable simple fun
tions a
tually form analgebra over K.De�nition 4.2. Let S be a measure spa
e with measure µ. A (µ-)integralis a 
olle
tion of linear maps
S(X,µ) → K : f 7→

∫

X
f dµ,one for ea
h measurable subset X ⊆ S, satisfying the following properties:

• If X has �nite measure, then ∫

X 1 dµ = µ(X), where 1 ∈ S(X,µ) isthe 
onstant fun
tion with value 1.
• If X1,X2 ⊆ X are measurable su
h that X1∩X2 = ∅ and X1∪X2 = X,and f ∈ S(X,µ) then ∫

X f dµ =
∫

X1
f dµ +

∫

X2
f dµ.Proposition 4.3. The integral exists and is unique.Proof. Exer
ise.When it is 
lear with respe
t to whi
h measure the integral is taken, thesymbol dµ may be omitted. When the integral is taken with respe
t to thewhole measure spa
e and it is 
lear whi
h measure spa
e this is, the subs
riptindi
ating the set over whi
h is integrated may be omitted.Proposition 4.4. The integral of integrable simple maps has the followingproperties:

• If f and g are real valued and f(x) ≤ g(x) for all x ∈ X, then ∫

X f ≤
∫

X g.
• If f(x) ≥ 0 for all x ∈ X and A ⊆ X is measurable, then ∫

A f ≤
∫

X f .
•

∣

∣

∫

X f
∣

∣ ≤
∫

X |f |.
• Suppose X has �nite measure, then ∫

X |f | ≤ ‖f‖sup µ(X). (Here ‖·‖supdenotes the supremum norm.)
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kl � RA NOTES 3 � 28/05/2009Proof. Exer
ise.De�nition 4.5. Let V be a ve
tor spa
e over K. Then a map V → R
+
0 :

x 7→ ‖x‖ is 
alled a seminorm i� it satis�es the following properties:1. ‖λx‖ = |λ|‖x‖ for all λ ∈ K, x ∈ V .2. For all x, y ∈ V : ‖x + y‖ ≤ ‖x‖ + ‖y‖. (triangle inequality)A seminorm is 
alled a norm i� it satis�es in addition the following property.3. ‖x‖ = 0 =⇒ x = 0.Note that a ve
tor spa
e with a norm is in parti
ular a metri
 spa
e via
d(v,w) := ‖v − w‖. This means that the notions of 
onvergen
e, Cau
hysequen
e and 
ompleteness apply to normed ve
tor spa
es. Furthermore, itis easy to see that these notions still make sense if we merely have a seminorminstead of a norm. Of 
ourse, not all results that we derived for metri
 spa
eswill hold in the 
ase of a seminorm.Proposition 4.6. The spa
e S(X,µ) 
arries a seminorm given by

‖f‖1 :=

∫

X
|f |dµ.Proof. Exer
ise.The fa
t that we only have a seminorm and not ne
essarily a norm 
omesfrom the inability of the integral to "see" sets of measure zero.Proposition 4.7. Let f ∈ S(X,µ). Then, ‖f‖1 = 0 i� f vanishes outsidea set of measure zero.Proof. Exer
ise.We also say "almost everywhere" to mean "outside a set of measure zero".4.2 Integrable fun
tionsLemma 4.8. Let {fn}n∈N be a Cau
hy sequen
e of elements of S(X,µ)with respe
t to the seminorm ‖ · ‖1. Then, there exists a subsequen
e whi
h
onverges pointwise almost everywhere to some measurable map f and forany ǫ > 0 
onverges uniformly to f outside of a set of measure less than ǫ.Proof. Sin
e {fn}n∈N is Cau
hy, there exists a subsequen
e {fnk

}k∈N su
hthat
‖fnl

− fnk
‖1 < 2−2k ∀k ∈ N and ∀l ≥ k.De�ne

Yk := {x ∈ X : |fnk+1
(x) − fnk

(x)| ≥ 2−k} ∀k ∈ N.
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2−kµ(Yk) ≤

∫

Yk

|fnk+1
− fnk

| ≤

∫

X
|fnk+1

− fnk
| ≤ 2−2k ∀k ∈ N.This implies, µ(Yk) ≤ 2−k for all k ∈ N. De�ne now Zj :=

⋃∞
k=j Yk for all

j ∈ N. Then, µ(Zj) ≤ 21−j for all j ∈ N.Fix ǫ > 0 and 
hoose j ∈ N su
h that 21−j < ǫ. Let x ∈ X \ Zj. Then,for k ≥ j we have
|fnk+1

(x) − fnk
(x)| < 2−k.Thus, the sum ∑∞

k=1 fnk+1
(x) − fnk

(x) 
onverges absolutely. In parti
ular,the limit
f(x) := lim

l→∞
fnl

(x) = fn1
(x) +

∞
∑

l=1

fnl+1
(x) − fnl

(x)exists. For all k ≥ j we have the estimate,
|f(x) − fnk

(x)| =

∣

∣

∣

∣

∣

∞
∑

l=k

fnl+1
(x) − fnl

(x)

∣

∣

∣

∣

∣

≤
∞
∑

l=k

∣

∣fnl+1
(x) − fnl

(x)
∣

∣ ≤ 21−kThus, {fnk
}k∈N 
onverges to f uniformly outside of Zj , where µ(Zj) < ǫ.Repeating the argument for arbitrarily small ǫ we �nd that f is de�ned on

X \Z, where Z :=
⋂∞

j=1 Zj. Furthermore, {fnk
}k∈N 
onverges to f pointwiseon X \Z. Note that µ(Z) = 0. By Theorem 3.19, f is measurable on X \Z.We extend f to a measurable fun
tion on all of X by de
laring f(x) = 0 if

x ∈ Z. This 
ompletes the proof.Lemma 4.9. Let {fn}n∈N and {gn}n∈N be Cau
hy sequen
es of elementsof S(X,µ) with respe
t to the seminorm ‖ · ‖1. Furthermore, assume thatboth sequen
es 
onverge pointwise almost everywhere to the same measurablefun
tion f . Then, the following limits exist and are equal,
lim

n→∞

∫

X
fn = lim

n→∞

∫

X
gn.Proof. It is easy to see that both limits exist (Exer
ise.). It remains toshow that they are equal. To this end 
onsider the sequen
e formed by thedi�eren
es hn := fn − gn. Then, {hn}n∈N is a ‖ · ‖1-Cau
hy sequen
e that
onverges pointwise almost everywhere to zero. We need to show that thelimit limn→∞

∫

X hn (whi
h we already know to exist) is equal to zero.By Lemma 4.8 there exists a subsequen
e {hnk
}k∈N with the followingproperty: For any δ > 0 there exists a set Zδ with µ(Zδ) < δ su
h that thesubsequen
e 
onverges absolutely and uniformly to 0 on X \ Zδ.
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h that ‖hn − hm‖1 < ǫfor all n ≥ m. Let A be a set of �nite measure, so that hm vanishes outsideof A. Then,
∫

X\A
|hn| =

∫

X\A
|hn − hm| ≤

∫

X
|hn − hm| < ǫ ∀n ≥ m.Set δ := ǫ/(1 + ‖hm‖sup) and ξ := ǫ/(1 + µ(A)). Then, there exists l ∈ Nsu
h that nl ≥ m and ‖hnk

(x)‖ < ξ for all k ≥ l and x ∈ X \ Zδ. Thisimplies,
∫

A\Zδ

|hnk
| ≤ µ(A \ Zδ) ξ ≤ µ(A) ξ < ǫ ∀k ≥ l.On the other hand,

∫

Zδ

|hn| ≤

∫

Zδ

|hn − hm| +

∫

Zδ

|hm|

≤ ‖hn − hm‖1 + µ(Zδ) ‖hm‖sup < 2ǫ ∀n ≥ m.Taking the three integral estimates together we get
∣

∣

∣

∣

∫

X
hnk

∣

∣

∣

∣

≤

∫

X
|hnk

| ≤

∫

X\A
|hnk

| +

∫

A\Zδ

|hnk
| +

∫

Zδ

|hnk
| < 4ǫ ∀k ≥ l.Sin
e ǫ was arbitrary, we 
onlude

lim
n→∞

∫

X
hn = lim

k→∞

∫

X
hnk

= 0.We are now ready to de�ne the integral more generally.De�nition 4.10. A measurable map f on X is 
alled integrable i� thereexists a ‖ · ‖1-Cau
hy sequen
e of integrable simple maps that 
onvergespointwise to f almost everywhere. We denote the ve
tor spa
e of integrablemaps by L1(X,µ).Exer
ise 16. Show that the integrable fun
tions a
tually form a ve
torspa
e.De�nition 4.11. Let f ∈ L1(X,µ) and {fn}n∈N a Cau
hy sequen
e ofelements of S(X,µ) that 
onverges pointwise to f almost everywhere. Wede�ne the (µ-)integral of f on X by
∫

X
f := lim

n→∞

∫

X
fn.That this de�nition is well follows immediately from Lemma 4.9.
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ise.Proposition 4.13. Let f be an integrable map. Then, f vanishes outside a
σ-�nite set.Proof. Exer
ise.Lemma 4.14. Let f ∈ L1(X,µ) and {fn}n∈N a Cau
hy sequen
e in S(X,µ)whi
h 
onverges pointwise to f almost everywhere. Then, |f | ∈ L1(X,µ) and
{|fn|}n∈N is a Cau
hy sequen
e in S(X,µ) whi
h 
onverges pointwise to |f |almost everywhere.Proof. Exer
ise.Proposition 4.15. The spa
e L1(X,µ) 
arries a seminorm given by

‖f‖1 :=

∫

X
|f |dµ.Proof. Exer
ise.Proposition 4.16. Let {fn}n∈N be a Cau
hy sequen
e of elements of S(X,µ)
onverging pointwise to f ∈ L1(X,µ) almost everywhere. Then, {fn}n∈N
onverges to f in the ‖ · ‖1-seminorm. In parti
ular, every integrable map
an be approximated arbitrarly well with respe
t to the ‖ · ‖1-seminorm byintegrable simple maps.Proof. Fix ǫ > 0. Sin
e {fn}n∈N is Cau
hy there exists k ∈ N su
h that

‖fn−fm‖1 < ǫ for all n,m ≥ k. Fix now some n ≥ k. Then, {|fn−fm|}m∈Nis a Cau
hy sequen
e of integrable simple maps and 
onverges pointwisealmost everywhere to the integrable map |fn − f |. (Use Lemma 4.14.) So,using the de�nition of the integral,
‖fn − f‖1 =

∫

X
|fn − f | = lim

m→∞

∫

X
|fn − fm| = lim

m→∞
‖fn − fm‖1 ≤ ǫ.This implies the statement.Theorem 4.17. The spa
e L1(X,µ) is 
omplete with respe
t to the semi-norm ‖ · ‖1.Proof. Consider a Cau
hy sequen
e {fn}n∈N in L1(X,µ). Using Proposi-tion 4.16 there is a sequen
e {gn}n∈N in S(X,µ) su
h that ‖fn − gn‖ < 1/nfor all n ∈ N. It is easy to see that {gn}n∈N is Cau
hy. (Exer
ise.Show this!)By Lemma 4.8 there is a subsequen
e {gnk

}k∈N whi
h 
onverges pointwisealmost everywhere to an integrable fun
tion f . Again using Proposition 4.16
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}k∈N 
onverges to f in the ‖ · ‖1-seminorm. But sin
e

{gn}n∈N is Cau
hy, it must also 
onverge to f in the ‖ · ‖1-seminorm. (Notethat Proposition 2.9 is also valid for pseudometri
s and thus seminorms.) Inparti
ular, for ǫ > 0 there exists k ∈ N su
h that ‖f − gn‖1 < ǫ/2 for all
n ≥ k. But then, for all n ≥ sup{k, 2/ǫ} we have

‖f − fn‖1 ≤ ‖f − gn‖1 + ‖gn − fn‖1 < ǫ/2 + 1/n ≤ ǫ.That is, {fn}n∈N 
onverges to f in the ‖ · ‖1-seminorm.Proposition 4.18. The integral of integrable maps has the following prop-erties:
• If X1,X2 are measurable su
h that X = X1∪X2 and X1∩X2 = ∅ then

∫

X f =
∫

X1
f +

∫

X2
f

• If f and g are real valued and f(x) ≤ g(x) for all x ∈ X, then ∫

X f ≤
∫

X g.
• If f and g are real valued and integrable, then sup(f, g) and inf(f, g)are integrable.
•

∣

∣

∫

X f
∣

∣ ≤
∫

X |f |.
• Suppose X has �nite measure and f is bounded, then ∫

X |f | ≤ ‖f‖sup µ(X).(Here ‖ · ‖sup denotes the supremum norm.)Proof. Exer
ise.Proposition 4.19. Let X be a measurable spa
e, f : X → R, g : X → Rmaps. Then, f + ig : X → C is integrable i� f and g are integrable.Proof. Exer
ise.4.3 Integrals and LimitsTheorem 4.20. Let {fn}n∈N be a sequen
e in L1(X,µ) 
onverging to f ∈
L1(X,µ) in the ‖ · ‖1-seminorm. Then, there exists a subsequen
e whi
h
onverges pointwise almost everywhere to f and for any ǫ > 0 
onvergesuniformly to f outside of a set of measure less than ǫ.Proof. We �rst 
onsider the spe
ial 
ase f = 0. The proof pro
eeds in a waysimilar to that of Lemma 4.8. Consider a subsequen
e su
h that

‖fnk
‖1 < 2−2k ∀k ∈ N.De�ne

Yk := {x ∈ X : |fnk
(x)| ≥ 2−k} ∀k ∈ N.
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2−kµ(Yk) ≤

∫

Yk

|fnk
| ≤

∫

X
|fnk

| ≤ 2−2k ∀k ∈ N.This implies, µ(Yk) ≤ 2−k for all k ∈ N. De�ne now Zj :=
⋃∞

k=j Yk for all
j ∈ N. Then, µ(Zj) ≤ 21−j for all j ∈ N.Fix ǫ > 0 and 
hoose j ∈ N su
h that 21−j < ǫ. If x /∈ Zj then for k ≥ jwe have

|fnk
(x)| < 2−k.Thus, {fnk

}k∈N 
onverges to 0 uniformly outside of Zj , where µ(Zj) < ǫ.Also, {fnk
(x)}k∈N 
onverges to 0 if x /∈ Z :=

⋂∞
j=1 Zj . Note that µ(Z) = 0.In the general 
ase f 6= 0 we apply the previous proof to the sequen
e

{fn − f}n∈N.Proposition 4.21. Let f be an integrable fun
tion. Then, ‖f‖1 = 0 i�
f = 0 almost everywhere.Proof. If f is zero almost everywhere it is 
lear that ‖f‖1 = 0. Conversely,let ‖f‖1 = 0. Then, (0, 0, . . . ) is a sequen
e of integrable maps 
onvergingto f in the ‖ · ‖1-seminorm. By Theorem 4.20, a subsequen
e (and hen
ethe sequen
e itself) 
onverges to f pointwise almost everywhere. So, f = 0almost everywhere.Proposition 4.22. Let {fn}n∈N be a Cau
hy sequen
e in L1(X,µ) 
onverg-ing pointwise to the measurable fun
tion f almost everywhere. Then f isintegrable and {fn}n∈N 
onverges to f in the ‖ · ‖1-seminorm.Proof. By Theorem 4.17 there exists an integrable fun
tion g su
h that
{fn}n∈N 
onverges to g in the ‖ · ‖1-seminorm. By Theorem 4.20 a sub-sequen
e {fnk

}k∈N 
onverges to g pointwise almost everywhere, i.e., outsidea set Zg of measure zero. On the other hand {fn}n∈N (and any of its subse-quen
es) 
onverges to f almost everywhere, i.e., outside a set Zf of measurezero. Thus, f = g almost everywhere, i.e., outside the set of measure zero
Zg ∪ Zf . By Proposition 4.12, f is integrable. Moreover, ‖f − g‖1 = 0 andhen
e {fn}n∈N 
onverges to f in the ‖ · ‖1-seminorm.Theorem 4.23 (Monotone Convergen
e Theorem). Let {fn}n∈N be a point-wise in
reasing sequen
e of real valued fun
tions in L1(X,µ) su
h that thereexists a 
onstant c ∈ R with

∫

X
fn ≤ c ∀n ∈ N.Then, the sequen
e {fn}n∈N 
onverges to some fun
tion f ∈ L1(X,µ) in the

‖ · ‖1-seminorm and also 
onverges pointwise to f almost everywhere.
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e {
∫

X fn}n∈N is in
reasing and bounded and thus 
on-verges. In parti
ular, it is a Cau
hy sequen
e. But
∣

∣

∣

∣

∫

X
fn −

∫

X
fm

∣

∣

∣

∣

=

∫

X
|fn − fm| = ‖fn − fm‖1 ∀n,m ∈ N,sin
e {fn}n∈N is pointwise in
reasing. So, {fn}n∈N is a Cau
hy sequen
e inthe ‖ ·‖1-seminorm. By 
ompleteness (Theorem 4.17) there exists a fun
tion

f ∈ L1(X,µ) so that {fn}n∈N 
onverges to f in the ‖ · ‖1-seminorm. ByTheorem 4.20 there exists a subsequen
e {fnk
}k∈N that 
onverges pointwiseto f almost everywhere. But, sin
e {fn(x)}n∈N is in
reasing for all x ∈ X, itmust 
onverge for any x ∈ X where a subsequen
e 
onverges. Thus, {fn}n∈N
onverges to f almost everywhere.Proposition 4.24. Let {fn}n∈N be a sequen
e of real valued integrable fun
-tions su
h that there exists a real valued integrable fun
tion g with fn ≤ gfor all n ∈ N. Then, supn∈N fn is integrable and,

sup
n∈N

∫

X
fn ≤

∫

X
sup
n∈N

fn.Proof. Sin
e {fn}n∈N is bounded pointwise by g, the fun
tion supn∈N fn iswell de�ned. Set gn := sup{f1, . . . , fn} for all n ∈ N. Then, {gn}n∈N is apointwise in
reasing sequen
e of integrable fun
tions. In parti
ular, the gnare measurable and so is by Theorem 3.19 their limit limn→∞ gn = supn∈N fn.Moreover, ∫

X gn ≤
∫

X g for all n ∈ N. Thus, we 
an apply Theorem 4.23 andthere exists an integrable fun
tion f to whi
h {gn}n∈N 
onverges pointwisealmost everywhere. Thus, f = supn∈N fn almost everywhere and supn∈N fnis integrable by Proposition 4.12. For the inequality observe that fk ≤
supn∈N fn for all k ∈ N. Hen
e, ∫

X fk ≤
∫

X supn∈N fn for all k ∈ N. Takingthe supremum over k ∈ N implies the 
laimed inequality.Proposition 4.25 (Fatou's Lemma). Let {fn}n∈N be a sequen
e of real val-ued integrable fun
tions su
h that there exists a real valued integrable fun
tion
g with fn ≥ g for all n ∈ N. Assume furthermore that lim infn→∞

∫

X fn ex-ists. Then, f(x) := lim infn→∞ fn(x) exists almost everywhere and 
an beextended to an integrable fun
tion on X. Furthermore,
∫

X
f ≤ lim inf

n→∞

∫

X
fn.Proof. Fix k ∈ N and apply Proposition 4.24 to the sequen
e {−fk+n−1}n∈N.Thus, hk := infn≥k fn is integrable and

∫

X
hk ≤ inf

n≥k

∫

X
fn ≤ lim inf

n→∞

∫

X
fn ∀k ∈ N.
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e {hk}k∈N is in
reasing and has bounded integral, so we 
anapply Theorem 4.23. Thus {hk}k∈N 
onverges pointwise almost everyhwereto an integrable fun
tion f and
lim

k→∞

∫

X
hk =

∫

X
f.Thus,

∫

X
f ≤ lim inf

n→∞

∫

X
fn.But f(x) = limk→∞ hk(x) = lim infn→∞ fn(x) almost everyhwere. This
ompletes the proof.Theorem 4.26 (Dominated Convergen
e Theorem). Let {fn}n∈N be a se-quen
e of integrable fun
tions su
h that there exists a real valued integrablefun
tion g with |fn| ≤ g for all n ∈ N. Assume also that {fn}n∈N 
on-verges pointwise almost everywhere to a measurable fun
tion f . Then, f isintegrable and {fn}n∈N 
onverges to f in the ‖ · ‖1-seminorm.Proof. Fix k ∈ N. Consider the set of real valued integrable fun
tions {|fn−

fm|}(n,m)∈I×I where I = {k, k+1, . . . }. Sin
e |fn−fm| ≤ 2g for all n,m ∈ Iwe 
an apply Proposition 4.24 and 
on
lude that gk := supn,m≥k |fn − fm| isintegrable. The {gk}k∈N form a pointwise de
reasing sequen
e and ∫

x gk ≥ 0.So we 
an apply Theorem 4.23 to {−gk}k∈N. Sin
e we already know that
{gk}n∈N 
onverges pointwise to zero almost everywhere we 
on
lude that italso 
onverges to zero in the ‖ · ‖1-seminorm. This implies that {fn}n∈Nis a Cau
hy sequen
e. (Exer
ise.Show this!) By Proposition 4.22, f isintegrable and {fn}n∈N 
onverges to f in the ‖ · ‖1-seminorm.Proposition 4.27. Let f be a measurable fun
tion. Then, f is integrable i�
|f | is integrable. Moreover, if |f | ≤ g for some real valued integrable fun
tion
g, then f is integrable.Proof. By Lemma 4.14 integrability of |f | follows from integrability of f . Itremains to show that given g integrable and real valued su
h that |f | ≤ g,
f is integrable. Firstly, sin
e g is integrable, it vanishes outside a σ-�niteset A by Proposition 4.13. The same is thus true of f . Let {An}n∈N be anin
reasing sequen
e of sets of �nite measure su
h that A =

⋃

n∈N
An. ByTheorem 3.23, there is a sequen
e {fn}n∈N of simple maps that 
onvergespointwise to f . De�ne a sequen
e of maps {hn}n∈N as follows:

hn(x) :=

{

fn(x) ifx ∈ An and |fn(x)| ≤ 2g(x)

0 otherwiseIt is easy to see that hn is an integrable simple map for ea
h n ∈ N.(Exer
ise.Show this!) Moreover, the sequen
e {hn}n∈N 
onverges point-wise to f and we have |hn| ≤ 2g for all n ∈ N. Applying Theorem 4.26shows that f is integrable.
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e of integrable fun
tions 
on-verging pointwise almost everywhere to a measurable fun
tion f . Assumealso that there is a 
onstant c ∈ R su
h that ‖fn‖1 ≤ c for all n ∈ N. Then,
f is integrable.Proof. {|fn|}n∈N is a sequen
e of non-negative valued integrable fun
tions
onverging pointwise to the measurable fun
tion |f |. The sequen
e {∫X |fn|}n∈Ntakes values in the 
ompa
t interval [0, c] and thus must have a point of a
-
umulation (Proposition 1.23). Together with boundedness from below thisimplies the existen
e of lim infn→∞

∫

x |fn| and we 
an apply Proposition 4.25.By assumption |f(x)| = limn→∞ |fn(x)| = lim infn→∞ |fn(x)| almost every-where, so |f | is integrable. By Proposition 4.27, f is integrable.4.4 Exer
isesExer
ise 17 (Lang). Consider the interval [0, 1] with the Lebesgue measure
µ. Let {fn}n∈N be a sequen
e of 
ontinuous fun
tions fn : [0, 1] → [0, 1]whi
h 
overges pointwise to 0 everywhere. Show that

lim
n→∞

∫ 1

0
fn dµ = 0.Exer
ise 18 (Lang). Let X,Y be measurable spa
es and f : X → Y ameasurable map. Denote the σ-agebra on X by M and the σ-algebra on Yby N . Let µ be a positive measure on M. De�ne a fun
tion ν : N → [0,∞]as follows: ν(N) := µ(f−1(N)). Show that ν is a positive measure on N .Moreover show that if g ∈ L1(Y, ν), then g ◦ f ∈ L1(X,µ) and

∫

X
g ◦ f dµ =

∫

Y
g dν.Exer
ise 19 (Lang, extended). Let X be a measure spa
e with �nite mea-sure µ and f ∈ L1(X,µ). Show that the limit

lim
n→∞

∫

X
|f |1/n dµexists and 
ompute it. Give an example where the limit does not exist if

µ(X) = ∞.Exer
ise 20 (Fundamental Theorem of Di�erentiation and Integration).Let f : R → R be 
ontinuously di�erentiable and a, b ∈ R with a ≤ b. Then,
∫ b

a
f ′ dµ = f(b) − f(a),where µ is the Lebesgue measure. [Hint: Note that f ′ is integrable on [a, b].Consider the map g : R → R given by g(y) :=

∫ y
a f ′ dµ. Show that g is



Robert Oe
kl � RA NOTES 3 � 28/05/2009 11
ontinuously di�erentiable and that g′ = f ′. Apply the fa
t that a fun
tionwith vanishing derivative is 
onstant to the di�eren
e f − g to 
on
lude theproof.℄Exer
ise 21 (Partial Integration). Let f, g : R → R be 
ontinuously di�er-entiable and a, b ∈ R with a ≤ b. Show that,
∫ b

a
fg′ dµ = fg|ba −

∫ b

a
f ′g dµ,where dµ is the Lebesgue measure.Exer
ise 22 (adapted from Lang). Equip the spa
e [0,∞] with the followingtopology: A set in U ⊆ [0,∞] is open i� either U is an open subset of [0,∞)or U = ¬A, where A is a 
ompa
t subset of [0,∞).

• Show that this indeed de�nes a topology on [0,∞]. Moreover, showthat this topologi
al spa
e is 
ompa
t.
• Let X be a measurable spa
e and f : X → [0,∞]. Let Y := f−1([0,∞)).Show that f is a measurable fun
tion i� Y is a measurable set and

f |Y : Y → [0,∞) is a measurable fun
tion.
• Let X be a measure spa
e with σ-�nite measure µ. Show that f : X →

[0,∞] is measurable i� there exists an in
reasing sequen
e {fn}n∈N ofintegrable simple fun
tions fn : X → [0,∞) whi
h 
onverges pointwiseto f . (Re
all that an in
reasing sequen
e of real numbers whi
h is notbounded from above is said to 
onverge to ∞.)
• (X and µ as above.) Let f : X → [0,∞] measurable. Let {fn}n∈N bean in
reasing sequen
e of integrable simple maps 
onverging pointwiseto f . De�ne the integral of f to be,

lim
n→∞

∫

X
fn dµ.Show that this does not depend on the 
hoi
e of sequen
e. Also showthat this 
oin
ides with the usual de�nition of integral if f(X) ⊆ [0,∞)and if f is integrable. Formulate and prove an adapted version of theMonotone Convergen
e Theorem (Theorem 4.23).

• (X and µ as above.) Let f : X → [0,∞] measurable. For ea
h mea-surable subset A ⊆ X de�ne
µf (A) :=

∫

A
f dµ.Show that µf is a positive measure. Let g : X → [0,∞] measurableand show that,

∫

X
g dµf =

∫

X
fg dµ.


